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Introduction

A CONTROL law is developed for guiding a hypersonic
glider in a vertical plane to a fixed point on the ground.

The guidance law is based on the lift coefficient history that
maximizes the final velocity. This optimal trajectory has been
of interest for some time. Contensou1 was the first to consider
optimal control and proposed the problem for unconstrained
range in terms of flight-path angle 7 as the independent vari-
able. This work was extended to the general problem of flight
in a vertical plane,2 where control solutions for all manner of
constraints could be obtained by integrating a second-order,
nonlinear, differential equation. However, numerical results
were presented only for constrained final 7 and altitude. No
closed-form control solution exists for maximizing velocity at
a fixed point. Initially, the glider is cruising at constant alti-
tude and knows the downrange and altitude of the fixed
target. Theoretically, by correct timing, the free downrange
trajectory can be made to hit the target. Practically, modeling
errors cause the vehicle to miss the target, but by using the
neighboring optimal control, it is possible to calculate a per-
turbation in the optimal control, which enables the vehicle to
maintain the desired downrange. Throughout this study, it is
assumed that Loh's approximation3 is valid, but will be up-
dated at every sample point.

The development of the guidance rule is accomplished in
two steps. First, the lift coefficient history that maximizes the
final speed at a fixed final altitude, but free final downrange,
is determined analytically. However, the fixed final down-
range constraint is included to facilitate the derivation of the
neighboring optimal control. Second, the perturbation in the
lift coefficient history that enables the glider to hold the de-
sired final downrange is derived.

To verify the guidance rule, it is flown in a three-degree-of-
freedom simulation of a hypersonic glider and is shown to
guide the vehicle to the target. Also, the guided trajectory is
shown to compare favorably with the maximum final velocity
trajectory of the simulation. Finally, some results are pre-
sented to establish the robustness of the guidance law to initial
condition errors and to establish the superiority of the guid-
ance law to that of proportional navigation.

Optimal Control
A schematic of the guidance rule is shown in Fig. 1. At a

sample point, the maximum final velocity trajectory to the
ground (free final downrange) is calculated and is assumed to
pass near the target. Next, the neighboring optimal path to the
target (perturbed final point) is obtained, and the perturba-
tion in the lift coefficient is added to the optimal lift coeffi-
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cient to form the desired control. This control is held constant
over a sample period, and the process is repeated at the next
sample point. The fixed downrange condition is included in
the derivation of the free downrange optimal trajectory to
facilitate the derivation of the neighboring optimal trajectory.

The equations of motion for a nonthrusting, point mass
traveling in a plane over a spherical, nonrotating earth at a
constant zero degree heading and at an altitude that is small
with respect to the radius of the Earth are

x = V cos 7, h = V sin 7

\/2pV*SRCD

m (1)

\/2pV2SRCL

~mV — - - cos 7

where (') = d( )/dt, x is the downrange, h the altitude, V the
velocity, 7 the flight-path angle, p the atmospheric density, gs
the gravitational constant at the Earth's surface, rs the Earth
radius, SR the vehicle reference area, m the vehicle mass, and
CL and CD the lift and drag coefficients, respectively.

In the derivation of the optimal trajectory, the assumptions
made are 1) flight in a great circle plane over a spherical Earth
with an exponential atmosphere of scale height j3, 2) gravita-
tional forces are small with respect to aerodynamic forces, 3)
parabolic drag polar, CD — CDO + KC^ with constant coeffi-
cients where ̂ jCDo/K = Cf, is the lift coefficient for maximum
lift-to-drag ratio, and 4) Loh's approximation is valid. The
equations of motion can be written in terms of nondimen-
sional state variables x as

cos e

dw

1 + X2

(X + M)

(2)

(3)

(4)

where

> = -7 u =
a v
—

X =
2m cos 7

(5)

Although Loh's term, M < 0, is assumed constant over an
optimal trajectory, its value is updated at each sample point.

Neighboring Optimal Trajectory
to Target Downrange
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Fig. 1 Guidance schematic.
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The optimal control problem is to find the lift coefficient
history, X(</>), which maximizes the final velocity or minimizes
the performance index, / = — M/, subject to

State equations:

^=/(0,x,X) [Eqs. (2-4)]

Initial conditions:

Final conditions:

known

The quantity fMr is the nondimensional range, which results
along the unconstrained or free- final range optimal path. The
fixed final downrange condition is included here to facilitate
the later derivation of the neighboring optimal control. From
this problem statement, the Hamiltonian and the Bolza func-
tions are constructed as

H
1

(X + M) 1

G = -uf +

X2)]

v2(w/ -
(6)

where p and v denote Lagrange multipliers. In this section, it
is assumed that the target is located at the downrange which
results if no constraint is imposed on downrange. Hence, p^ =
0 and V! - 0 hold.

The differential equations and boundary conditions for the
p lead to/?r = 0, pw = v2, and/?u = - 1, implying that the p are
constant. Next, the optimality condition, //x = 0, combined
with the Legendre condition, //x\ ̂  0, gives

- -Vl + M 2 +p w s in< /> (7)

where part of the solution process has been to show that no
inflection point (dcfr = 0) can occur along the optimal path.
Hence, </> is monotonically increasing.

Finally, the natural boundary condition for fy shows that
X/ = 0, so that from Eq. (7)

sin ((/>/) - -l/pw (8)

directly relating the multiplier \pw I > 1 to the trajectory.
What remains is to determine the value of pw from the

prescribed boundary conditions. Substitution of Eq. (7) into
Eq. (3) and integrating gives

, k)

where F and E are elliptic integrals of the first and second
kinds, and

- s n
a + b

= 1 +M 2

"|* ,
\

k = ^,2b
(10)

- -pw

Equations (8) and (9) applied at the final point can be com-
bined into a single, nonlinear algebraic equation, which is
solved by Newton's method for pw. Once pw is known, w((/>)
comes from Eq. (9) and X(c/>) is given by Eq. (7). Finally, f(</>)
and w(</>) can be obtained from Eqs. (2) and (4), respectively,
by quadrature integration (i.e., Simpson's rule) to complete
the free-final-range solution.

Neighboring Optimal Control
Assuming that the unconstrained range trajectory can be

made to come close to the desired target, the process of hitting

the target can be accomplished by neighboring optimal control
to a perturbed final point. The neighboring optimum formula-
tion4 is the result of linearizing the first variation conditions
about the nominal optimum. It is desired to compute the
optimal control and the neighboring optimal control perturba-
tions at the sample point and hold their values constant over
the sample period. If the state perturbation <5x is zero at the
sample point, the control perturbation is given by

d\0= -[H^f{RQ~l],0d*s (11)

d^s — [fr ~ $ur 0]r (transpose), and is evaluated on the free-
final-range optimal path. The desired perturbation in the final
altitude is zero. The following relations exist along the nomi-
nal trajectory in this application:

*=*/=/ /

a = (G0/ + Hf)' = pw cos 0//M

Q = Q-nnT/a (12)

m = (G+j + Hf)Xf = 0

R = R - mn T/a = R

where the notation ()0/, ()x/, ()' = d()/d<t>f, d()/dxf, d()/d0/,
respectively. The quantities H\\ and/x are given by

1
(X + M)2

COS 0/W

sin 0 (13)

where X + M is given by Eq. (7). R can be calculated by
integrating

d(/> X + M

0 0
-COS0/W2 0

0 0
(14)

where

f-T-[9xJ,f

i o
&21 1

0 0

1 0
0 1
0 0

(15)

Then, with R (0) known, Q can be obtained from

(9) ^ = -
1

2(X + M)3

(16)
where a\ = #21 sin </> + cos 0/w, a2 = sin </>. In order to prove
the feasibility of this method, a Runge-Kutta scheme was used
to integrate the R and Q equations; however, a quadrature
scheme could be used to gain execution speed due to the
uncoupled R equation. Note that only one element of R is
needed for the computation of Q. Finally, Q is formed as
Q - Q - nnT/a., where n and a are given in Eq. (12).

Guidance Law
The guidance law or the feedback control law to achieve f^

and WT for a given value of M is the sum of X in Eq. (7) and
<5X0 in Eq. (11), or

\0 = — Vl -f M2 + pwsin <j)0 - M

- cos 00/

(17)
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Fig. 2 Altitude downrange comparisons.

At each sample point, the value of M is updated from inertial
measurements.

To demonstrate the effectiveness of this guidance law, it has
been flown in a three-degree-of-freedom simulation contain-
ing a true time-based physical flight model, a standard atmo-
sphere, and wind-tunnel based aerodynamics.5 Results are
shown in Fig. 2 for a sample time of At = 0.1 s.

Also shown in these figures are the open-loop optimal tra-
jectory for the simulation model and the trajectory obtained
from proportional navigation (PRONAV). The open-loop op-
timal trajectory has been obtained for a piecewise-linear con-
trol (suboptimal control) using recursive quadratic program-
ming (RQP).6 The PRONAV guidance law is that of the
linear-quadratic control law of Ref. 7. Weighting is for miss
distance only, leading to the familiar control gain, K = 3/^0,
where tgo is calculated at each sample point as (range/range
rate).

A fourth-order, fixed step, Runge-Kutta integrator is used
in all simulations. The nominal trajectory boundary condi-
tions (initial-final) for the example problem are: 7 = 0 deg-
free, x = 0 nm-71.51 (the final downrange is that predicted by
the proposed guidance scheme at the initial value of M), h =
100,000 ft-0, V = 11,000 ft/s-max.

Figure 2 displays the simulation flight profiles. The neigh-
boring optimal guidance and RQP have the same general
glide-and-dive contour, vs PRONAV, which turns quickly to
line up with the target. These first two simulations shift the
majority of flight time to the higher altitudes, where drag is
low.

The true optimal velocity produced by the RQP scheme is
7090 ft/s for a flight time of 45 s. The terminal velocity
generated by the proposed method differs from it by less than
1%, whereas the PRONAV solution is about 40% less, with a
10% increase in flight time. Because they take advantage of
the atmospheric density variation during descent, lift coeffi-
cient variation is moderate for the optimal scheme, vs
PRONAV, which applies maximum turning from the start to
line up with the target.

The issue of robustness was addressed by examining the
ability to hit the nominal target (i.e., 71.51 nm downrange)
given changes in initial velocity and downrange. Velocity per-
turbations of ±2000 ft/s and downrange perturbations of
± 10 nm were used. In each case, the vehicle was able to hit the
target. For a given initial velocity, terminal velocity results
appear relatively insensitive to initial downrange perturbations.

Conclusions
A sampled-data feedback control method has been devised

to obtain approximate, maximum-terminal-velocity descent
trajectories in a vertical plane at a designated target. These
trajectories are characterized by glide-and-dive flight to the
target to minimize the time spent in the denser parts of the

atmosphere. The proposed on-line scheme uses neighboring
optimal theory to successfully bring final altitude and range
constraints together, as well as compensate for differences in
flight model, atmosphere, and aerodynamics. Comparison
with the open-loop optimal trajectory for the terminal velocity
is excellent and far exceeds the proportional navigation solu-
tion. The scheme also demonstrates robustness to significant
perturbations in initial velocity and downrange.
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Nomenclature
a(s)
b(s)
D(s)

= a(s)<

D(s) € //; the pair [7V(s), D(s)] € H are coprime
factors of h£tU

H = commutative algebraic ring; HcR(s) with Hurwitz
denominator polynomials

h = altitude; 30,000 ft
hy,u = closed-loop input-output map
h&u = desired closed-loop input-output map
h£u = plant input-output map
M = Mach number; 0.84
m(s) = m (s) € ̂ '

nr = number of unknown coefficients on the right-hand
side of the Bezout identity

P(s) = P(s) 6 //; the pair [P(s)9 Q(s)] € H is coprime and
satisfies the Bezout identity
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